MAT-51316 Partial Differential Equations
Exam 20.5.2011

No books, no notes, no calculator. Write solutions in English or in Finnish.
There are formulas on the back of this page.

FEi kirjoja, ei muistiinpanoja, ei laskinta. Kirjoita ratkaisut englannikst tai
suomeksi. Kdaantopuolella on kaavoja.

1. (a) Explain Fick’s law of diffusion ¢ = —ku,.
(b) Show that information in the initial condition of a one-dimensional

heat equation u; = kug, for z € R and ¢t > 0 propagates with
infinite speed.

2. (a) Consider a one dimensional wave equation uy = ium on the half-
line z > 0 subject to the boundary condition u(0,t) = 0 and the
initial conditions us(z,0) = 0 and

S bt S ey
u(z,0) = { 0 otherwise

Plot the solution u(z,t) at t = 3 and at ¢t = 6.
(b) What is the domain of dependence of the solution of the problem
WO (8 st =1, =57
3. Find the coefficients of the Fourier series

1 oo
s(z) = 5%+ ; an cos(2nz) + by, sin(2nz)
for the function f(z) = |sinz|. To what function does s(z) converge to

(pointwise)?

4. Find the steady-state temperature in a long cylinder of radius a if
the outside temperature is maintained at u = Asin?f. What is the
temperature in the centre?

5. Show that if «” 4+ cu = 0 on (a,b) with u(a) = hg, v'(b) = h; then
u(é) = Gz(a,&)ho+G(b,&)hy for € € (a,b), where G(z,€) is the Green’s
function for this differential operator and these boundary conditions.
Hint: G(z,£) satisfies the following conditions:

o Glat 2)-Galz™;2) = ~1
¢ Gz +cG=0 (z#¢)
e G(a,§) =0, G4(b,§) =0



kaavoja / formulas
ut(cw)s = f, un— e = f, u — (kug)s = f AU = Ugy + Uy + Us
(r 7‘) 10(x+ct) + 30(z —ct) + 5 fx+ctw
= [%, S(z — & 1)6(€) d¢, S(.’Jc t) = ﬁe—xwéxm
eff( =2 [ye?dp, ef(oo) =

S(t)é ratkalsee/solves u+Au=0, u0)=¢"
= fo (t—1)f(r)dr ratkalsee/solves u+ Au=f, u(0)=0"

=518 — S(z +¢&,1)] ¢(€) ¢

Shalflin (xﬁt)
(RXLX, ~w XX ) = (A = M)XK X,

'+ du=0&u(z) = Ae™
u” + f?u =0 & u(z) = Acos(fz) + Bsin(fz)
u” — f?u =0 & u(z) = Acosh(fz) + Bsinh(fz)

cos(u + v) = cos(u) cos(v) — sin(u) sin(v), sin(u + v) = sin(u) cos(v) + cos(u) sin(v)

=3 (7 / F€)sinur)de ) sn(omz/1)

:/f d5+;< /f cosmff/’)d£>cos(nm/l)
+Z( /f sin(nm¢/l)d )Sin(nmz/l)

n>1 :
/V-de—/ f-ndA, / (vVu)-ndAz/(Vv-Vu-i—vAu) dV
D oD oD D

1.7 (& -rh(g)
% /0 a? — 2ar cos(6 — ¢) + r?

Au= % (r®u,), +

dg

1 .
r2sinf (Ua sin 9)6' 725inZ g Yoo

Au = % ((Rur)r + % (up)o + (Rus).)






