MAT-51316 Partial Differential Equations
Midterm exam 8.3.2011

No books, no notes, no calculator. Write solutions in English or in Finnish.
Fi kirjoja, ei muistiinpanoja, ei laskinta. Kirjoita ratkaisut englanniksi tai suo-
meksi. Kdintdpuolella on kaavoja.

1. Solve the equation us+2u,+zu,+u = 0 with the initial condition u(z,0) =

e*‘llr', and sketch some characteristic cures. What does the equation model?
- (xX-N*
2. Derive the Robin boundary condition kuz(l,t) + ku(l,t) = xg(t) for the
one-dimensional heat equation u; — (kuz), = f

3. Show that the eigenvalues of the eigenfunction ODE
X"(z)+ u(z)X(z) =0 (0<z<l)
with u(z) > 0 and boundary conditions
X'(0) =aX(0), X'(I)=0

with a > 0, are real and positive.

kaavoja / formulas
urt (cw)e = fr e — Cugy = f, up— (kug)e = f, AU = Upy + Uyy + Uz
(z t) =1p(x +ct) + 1oz —ct) + £ [773 (€)de
= 7 S(@— 609 dE, S(rt) = wigem= /1)
erf(m) = % I e P dp, erf(oo) =1
S(t)¢ ratkaisee/solves “ u; + Au =0, u(0) =¢ "
= fot S(t — 7) f(7) d7 ratkaisee/solves “u; + Au= f, u(0)=0"
t) =[5 [S(z—&¢) — S(z +& 1) p(€) ¢

~
Shalfline(Z,§,t)

(kX Xn — kX Xm)' = (A = An)uXm Xn

u' + du=0& u(z) = Ae™®

u” + f%u = 0 & u(z) = Acos(Bz) + Bsin(Bz)
u” — B%u = 0 & u(x) = Acosh(Bz) + Bsinh(Bz)

cos(u + v) = cos(u) cos(v) — sin(u) sin(v), sin(u + v) = sin(u) cos(v) + cos(u) sin(v)

flz) = (/f smn7r§/l)d§>sm(n7rz/l)

n>1

f(z) = 2l/ f(€) dE-l—Z( / f(f)cos(mr{/l)d{) cos(nmz/l)

n>1

n>1

/V-de:/ f-ndA, / (vVu)-ndA———/(Vv-Vu+vAu)dV
D aD aD D

+ Z ( / f(€)sin n7r£/l)d£> sin(nmz /1)

1 (a®—r)h(¢)
u(r, 8) = 5_;/0 e e R
Au= :15 (Tzur) + 'rTélin_e (ugsinf), + muw
Au =4 (Rur)r + §(ue)o + (Ruz):)



