TTY / Talous ja rakentaminen

Rakennustekniikka

RAK-32300 ELEMENTTIMENETELMAN PERUSTEET, 4 op

Syksy 2018

1. Valikoe ratkaisut to 04.10.2018

1. Ratkaise Galerkinin menetelmalld differentiaaliyhtalo

2
%w —2x,  x€o,1], u(0) =u(1) =0
X

kayttaen kantafunktioita G(x)=x(x-1) ja Ga(x)=x’(x-1).
Vertaa saatua tulosta tarkkaan ratkaisuun, kun x=0,5.

U(X) gy =20 % —(2- sin(x)) / sin(1)

Basis functions G,(x) =x-(x-1) and G,(x) = x*(x =1

=

i(x)=Q x (x-D)+0, x> (x -1 =0 (¥’ -x)+ 0, (x” - x7)
#(x)=0 2x-1)+0Q,  (3x* -2x)

w(x)=20+0, (6x-2)=20,+20,- 3x -1)

=
Li-P=20,+20, Bx-D)+Q (x* = x)+ 0, (x’ =x*) =2 x
p=¢ (x*-x)+¢, (x’ —x7)

-

f¢-(La-P)- dx =0 Vo,

~ | Valitse ; Choose |
1f (" =) (20, +20," Bx =D+ Q- (x* =)+ Q- (x* —=x*) =2 x)- dx =0 —(p =1, ¢,=0)
f (' =2 (20, +20, Gx =D+ 0 (X = 1)+ 0y (x* = x?) =2 x) dx =0 <=0, ¢,=D

-

j- 20, x° +20,: (3x° —x2)+Q1- (x* —x3)+Q2' (x> =x"-2-x" ...  dy =0

0 —2Q1°X—2Q2'(3x2_x)—Q1'(x3—xz)—Qz'(x4—x3)+2- x? tT .

< 3 . ; s 4 s s . (...jatkuu ... cont'd)
j. 20 x7 420, Bx" =x)+0  (x” =x)+ 0, (x" =x")-2-x ) 2o

0 \ 20 x* =20, Bx’ - x) -0 (x" - x") -0, (& = x") +2- X7

=



=20, x -20," (3x* = x) -0 (x* = x?%) -0, (x* =x¥)+2- x?
20, x° +20,° (3x* —x3)+Q1- (x° —x4)+Q2- (x®=x%)=2-x*
=20, x? -20, (3x* = x%) -0 (x* =x%) -0, (x> =x"+2-x°
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Solution

142 14
oo (05 =05+

w03 =36

(0,5°-0,5")=-0,1389 << ()

Exact solution

U(X) g =2 x =2+ sin(x)/sin(1)

u(0,5) .., =2- 0,5 —2- sin(0,5)/sin(l) = —0,1395
= (x=0,5)

The Galerkin approximate solution (1)

(2Q1- X420, Bx* = x)+ 0 (x* = x)+ 0, (x° = x*)=2- x° )
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= The exact analytical solution of the differential equation (2)



[@]]1}]] 2. Madarita kuvassa olevan kolmisauvaisen ristikon solmun 1 siir-
©

L—21m—>

al: tymat ja sauvojen normaalijannitykset elementtimenetelmal-
Ia. Sauva 1 on pystysuoraan nahden kulmissa 30°. Sauva 2 on

@ vaakasuorassa. Sauva 3 on pystysuorassa. Sauvojen pituus
on 2 m. Materiaalin kimmomoduuli E=70 GPa ja sauvojen

y 1 33@ poikkipinta-ala A=500 mm? . Solmuun 1 vaikuttaa kuormitus-
® voima F =50000- \/EN vaakasuoraan ndhden kulmassa

45°. Laske liséksi solmun 1 pystysuuntainen siirtyma, jos ta-

man solmun vaakasuuntainen siirtyma on estetty.

&
GPa, A =500mm>, F =50000-v2N., L=2m 1

E = 70 Q
1
Sauva 1, Element 1
1 3
A =500mm* =500- 10°m?, 2 -1 A =§, m, =%, L =2m=L

Sauva 2 , Element 2

A, =50

2 0
Omm® =500-10°m?, 3 —1 h=-5=-1, m=2=0, L, =2m=L,

Sauva 3, Element 3

A, =500mm® =500-10°m>, 4—1 L, =0, m,=-1, L,=2m=L,
Kaksi vapausastetta 2 DOF , (1 horizontal Q, , 2 vertical Q,) , Node 1
1 2 1 2 1 2
L _EA[E im 174 3741 EAlO . _EA[0 O]t
L lim om*| L{\3/4 3/412 ™7 Lo o2 ZT Lo 12
= 1 2
2 EA| 5/4 +[3/4|1 ~50000) 1
[K]=Ek == [F}-
L|\3/4 7/4 2 50000 |2
=
2 32
k}ol ={F} det =5-7/16 - (+/3/4) -
=
01 K (=L L 7/4  -+/3/4][-50000]
o, _EA det 374 5/4 || 50000 |

~70-10°- 500- 32

2000-16  [(7/4)- (=50000) - (+/3/4)- 50000 { 31186}
(\/3/4)- 50000 +(5/4)- 50000 2,4043



Stress in the element 1

Node 2 fixed= ¢q,=q9,=0,q,=Q, , ¢q,=0, Node2 — Node l

E
O'1=Zl[_ll —m, l] ml]<

=

o, =18 MPa

a4
70-10° | 1 3
DL —-(—3,1186)+£- (2,4043) | =18,3 MPa
q;| 2000 |2 2
(94

Stress in the element 2

Node 3 fixed= ¢, =¢, =0 , q;

r

9
E q,
o, =L_2[_l2 -m, I, m2]< 0 F =
(44 ]
=
o, =109 MPa

=Q, , ¢,=0, Node3 — Node 1

70-10°

2000 LD (-3.1186)+ (0) (2.4043)] ~109.1 MPa

Stress in the element 3

Node 4 fixed= ¢, =¢, =0 , q;

r

q9,
q,
q;

(44

g

=Q, , q¢,=0, Node4 — Node 1

70-10°

[0- (-3,1186) - 1- (2,4043)| ~ -84,2 MPa
2000



Vain pystysuuntainen liike solmussa 1;  Only vertical displacement of the node 1; Q,

Vapausaste Q, eliminoidaan ;

2

[K]=ik _EA[5/4 «/5/4]
~ L|\3/4 7/4 2

-

%- %- 0, = 50000

-

Siirtymd : Displacement Q,

4 2000 4
Q; =+ =+ 50000 =

E-A 70000- 500 7

Elimination of Q,

50000

(F} - {—50000}2 1\1Q3

—+ 50000 =1,63 mm <<



3. Maaritd elementtimenetelmalld kuvan pdistaan
paistdan jaykasti ja keskeltd solmuista 2 ja 3 va-
paasti tuetun vaakapalkin kiertymat, kun elemen-

@ ® M tin 1 keskelld vaikuttaa pistevoima F alaspain ja
7\ @

ALY

solmussa 3 vaikuttaa pistemomentti M. Maarita li-

|
:
|
.
|
i h;ghl

sdksi elementin 2 keskipisteen taipuma ja taivu-

tusmomentti vasemmassa paassa solmun 1 koh-
<L L L— dalla. Palkin taivutusjaykkyys on El. Palkin pituus

on 3L. Palkki on venymatoén. Kayta ratkaisussa
kolmea elementtia.

E =200 GPa, I=10* m*, L=2m, F =100 kN, M = 100 kNm

- T Y S—Y M
T El 4> El £ EIl F
e e sl
1 1 2
(12 6L -12 6L ] (12 6L -12 6L ]
[k]= EI| 6L A} -6L 2I [k]= EI| 6L 47 -6L 2I’|1
Hop-12 6L 12 -6L ’ o -12 6L 12 -6L
6L 2L -6L 4L’|1 6L 27 -6L 4L'|2
2

(12 6L -12 6L ]
6L 4L} -6L 20’ |2
L'|-12 -6L 12 -6L
6L 20 -6L 4L |

After elimination

1 2
EI18 2|1
K|=— , det[]=8-8-(2)(2)=60
HLL$ et(] 2 (2)
Loading vector Equivalent nodal moment (node 2) and point moment (node 3)

(Nodes 2 and 3)

F) [EL] (25000 )
{F}=1 =138 (= -10° Nmm
F7] 5[ |-100000



=

Kiertymit Q, ja Q, Slopes Q, and Q,

(O£ L [3 2] e
Q2 El det [-2 8 -M 2 105108 60 |-2 8 —~100000
=

100000- 2
{Ql} 2000 1 | &g —2100000 .103~{6,667-10‘4} _

~5.10°-10° 60 : 1073
Q,] 210710 60 | ,. 100050 2 s (~100000) ~1,40- 10

=
0, (0,03820°
0, |-0,0812°

Taipuma vasemmanpuoleisten tukien keskelld

The deflection at the midpoint between the left supports (-0,375 mm)

Element 1
H=tQ-38+8) . Hy=r(-5-£+8)
1_4 + ’ 2_4 +

1 3 1 2 3
H3=Z(2+3§—§) : H4=Z(—1—§+§ +&)

le le
V(&) = Hgq, +EHQQZ + Hq, +EH4Q4

q=49,=q;=0 . 4, =0

=
L F- I 107

v(0) ==+ H,(0)- O, - ———— = -2000- 6,667 107 ~0,2083 = -0,375 mm -
2 192- E- I :

=

v(0) = -0,375 mm ("Exact" -0,375 mm) —



Taipuma keskimmadisten tukien keskella

The deflection at the midpoint of the two mid supports

Element 2
H—l(2—3§+§3) H —l(l—§—§2+§3)
1_4 ’ 2_4
1 3 1 2 3
H3=Z(2+3§—§) : H4=Z(—1—§+§ +&)

l [
v(§) =Hg, +EEH2Q2 + Hq, +§H4Q4

CIl=q3=O 5 CIQ=Q1 ’ Q4=Q2
=
L L 2000
V) = H,(0) O + 5 H.(0): 0, =" (6.667-10* +1,4-107) =~0,517 mm
=
v(0)=~0,517 mm ("Exact" 0,521 mm) -~

Taipuma oikeanpuoleisten tukien keskelld

The deflection at the midpoint of the element 3

Element 3
1 3 1 2 3
H1=Z(2—3§+§) : H2=Z(1—§—§ +&)
1 3 1 2 3
H3=Z(2+3§—§) , H4=Z(—1—§+§ +&)

[ [
v(§) = Hg, +§H2‘I2 + H g, +§H4Q4

g =9;=¢4;=0 , 4, =0,

=

L 2000 _
v(0) =2 Hy(0) 0, ==~ (-14-107) = -0,35 mm

=

v(0) = -0,35 mm ("Exact" -0,354 mm) -—



Taivutusmomentti vasemmassa padssi ; The bending moment of the left fixed support
Element 1 ; Node 1

(R, [ -F/2 (12 6L -12 6L (0] [ -F/2 )
<R2>=[k].{Q}_<—F-L/8>=g 6L 41} -6L 2L’ ) 0| |-F- L8|

R, : ~F/2 L’'|-12 -6L 12 -6L| |0 -F/2

R, | | F-L/8 | 6L 2L -6L 4L’| |Q,] |F-L/8]

=

M, =-R, = -(%. (2 0)+ %) - -(Z'LEI -0+ L ~(13334000 +25000- 10°)
=

M, = 38,33 kNm —



Choose basis functions G;. Determine the coefficients Q; in 1 = 2 Q,G, , such that

fq)(Lﬁ —P) dV =0 for every ¢ of the type ¢ = Z(piGi .
14 =

I? Im -I* -Im
P - EA,| Im m>  —lm -m’ l=x2 X,
L |- -lm P Im ’ L,
-lm -m* Im m®
q
E
o= e[—l -m [ m] A2
l, q;
ds
12 6 -12 6L
L E 6, 412 -61, 2
TP |-12 -6l 12 -6l
6L, 200 -6I 41
1 3 1 2 3
H1=Z(2—3§+§) ; H2=Z(1—§—E +&7)

H, =i(2+3§—§3)

L H = (1-E+E 4 E)

le le
v(§) =Hg, +5H2% +Hyg, +5H4CI4

=

12

Yo =V

m=-—"——

6L

-12
-6L

6L 4I°

F
2
IT e
2\)-% R[™ T |-12 —6L
R

6L 2L’

12
-6L

6L

217

41°

q
D
q;
q,

F/2
FL/8

F/2
-FL/8



